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Sensitivity studies have also been conducted for the
parameters involved in the problem.” These different
choices of pursuer’s constants show that the optimum values
of t; — ty for initial conditions in area A of Fig. 7 vary with
the choice of missile parameters, and that the shape and size
of all the areas of control philosophies are affected by these
choices. Generally an increase in @ or Gp,,, or a decrease in
7p reduces 7(t;). The velocities, however, enter the picture
in a much more interesting manner. It appears in fact that
for a given Vg there is an optimum Vp. This will be reported
on at a later date.

In closing, it should be noted that the research conducted
considered only 0 < ¢(0) < 180°. However, the problem is
symmetrical, and for 180° < ¢ < 360° it is only necessary
to use the negative of the control sequence. Figure 7 sum-
marizes the results of the investigation. It is not claimed
that the areas in this graph represent the actual size or shape
of the true areas of target control philosophies. The initial
conditions actually investigated for this graph include only
the vicinity of the area enclosed by the intersection of line A
and B, as may be seen by examining Fig. 2. The extensions
are reasonable guesses.
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Nomenclature
¢ = gpecific heat, Btu/1b-°F
D = pulse heating duration, sec
Fo,” = modified Fourier number = o;D/2#8;% 7 = 1,2
k = thermal conductivity, Btu/sec-{t-°F
nn' = piceds/prcidy and pacaka/prciks, respectively
Q" = total heat input = ¢"max D/2, Btu/ft?
¢” = instantaneous heat input, Btu/sec-ft?
T = dimensionless temperature rise = (k1/8¢"maxF0o1" )¢ — &)

plate temperature, °F
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tee = equilibrium temperature = &) 4 761" maxF01’/(n 4 1)k1,
°F
X = z/&; z = depth from heated face, ft
a = thermal diffusivity = k/pc, {t2/sec
8 = thickness, ft
o = 2#(8/D); 8 = time, sec
o = density, 1b/ft?
Subscripts
eq = equilibrium
max = maximum
0 = initial value (¢ < 0)
1,2 = outer and inner layers, respectively

Introduction

HEAT-CONDUCTION problem that recurs in aerospace
systems design involves exposure of a two-layer plate to
symmetrical pulse heating of the form

¢" = ¢"max sin?r8/D @

Usually the outer layer is of lower thermal conductivity than
the inner load-bearing layer. As such, significant temperature
gradients develop only in the outer insulation and the inner
substructure can be taken to respond isothermally (Fig. 1).
Examples include ascent-phase aerodynamic heating of rocket
boosters and payloads, aerodynamic heating of re-entry
vehicles, and flash heating of objects such as near exposure to
nuclear detonations. These applications encompass such
large excursions in environment, material properties, and in-
dividual layer thicknesses that it was deemed worthwhile to
solve the two-parameter problem, including post-heating
equilibration, in a general manner.

Analytical Model

The dimensionless differential equations and boundary
conditions for the constant-property, two-layer plate system
with no surface decomposition or surface reradiation, a high-
conductivity inner layer (ks — =), and an adiabatic rear face
are:

6 < 0 (initial condition); T, = T, = 0,
0 < 0 < 27 (pulse heating);

0<X<1 (2

0T,/0X = —(1/Fo,’) sin%0/2, X =0 (3

0T /0X? = (1/F0,")0T./00, 0<X<1l (4

T, =T, X=1 (5§

0T /oX = —(n/Fo,")0T,/06, X=1 (&

27 < O £ 0.4 (adiabatic equilibration) ; Eqgs. (4-6) apply, and
dT/oX = 0, X=0 ()

The three dimensionless variables are T, X, and O, and the
two dimensionless parameters are Fo,” and n. The more
general case of finite k, introduces a third free parameter n’.
Equations (2-7) refer to the special case of large &k, where
n’ — ». Low values of n correspond to thick insulation &,
or insulation with large pc relative to the underlying substruc-

i =]

L

Fig. 1 Two-layer plate.
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Fig. 2 Isothermal substructure criterion.

ture. Low values of Fo;" correspond to good insulation (low
ky) and/or short heating duration D.

The general two-layer problem with both layers of finite
conductivity, n = 0 and n’ = o, was solved in 1959 for 0 <
0 < 2w, but only for the case of constant ¢”.! The simpler
case of constant ¢” with n > 0 and n’ = « was treated in
1969 by exact methods.? The case n = 0 but with a pulse
heat input was solved exactly in 1957 for 0 < 6 < 27 only.?
The more general case n > 0 and n’ = o with a pulse heat
source was treated by an approximate integral method in
1960, again for 0 < © < 27 only.* Thus, prior to the present
work no accurate and complete solution existed for pulse
heating withn = 0, n’ = «,and 0 < 0 < O,

Solution Method

Equations (2-7) were solved for both the heating and adia-
batic equilibration periods by an explicit finite-difference
numerical scheme, using a high-speed digital computer to per-
form the calculations. A typical subdivision involved 30
nodes across the composite, this number ranging from 3 for
large Fo,’ to 300 for small Fo,”. Eight digits were carried in
all calculations to minimize round-off errors (only minor
cumulative errors were detected in approach to equilibrium).
Conservatively small time steps were adopted to insure stable
solutions without excessive run times. Typical runs required
from 1-10 see. The longest runs (400 sec) occurred when the
response caleulations were carried to equilibrium with combi-
nations of high n and low ¥o,’. Detailed convergence studies
performed as a function of node density suggest that in general
both surface and substructure temperatures are accurate to
within 19,. A general accuracy of 0.59, was confirmed for
n = 0 by comparison with data from Ref. 5. Accuracy of
197, on maximum surface temperature at low Fo,” was estab-
lished by comparison with the semi-infinite solid case in Ref. 6.

One additional side study was undertaken prior to generat-
ing production solutions for the purpose of developing a
quantitative criterion for judging when the isothermal sub-
structure assumption breaks down due to finite n’. Point
solutions for the general two-layer problem were generated for
0.01 < Fo;’ < 200 and 0.1 < n < 100 over a range of n'.
Selected results are summarized in Fig. 2. The curves give
the value of Fo,’ for which the interface temperature at the
end of heating exceeds its corresponding value when &k, = o
by 59,. If the actual Fo,’ in a given problem exceeds that
given in Fig. 2 at the characteristic Fo,” and n of that prob-
lem, then the substructure can be regarded as isothermal.

Response Data

Selected data for the insulated substructure system are
given in Fig. 3 in terms of dimensionless temperature rises at
the heated surface and interface for n = 0.1, 1 and 10.]

I Additional data for n = 0, 0.5, 5, 50 and 100 are given in
Ref. 7.
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Fig. 3 Temperature response of heated surface and
interface.
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Fig. 4 Maximum temperature of heated surface.

These plate temperature rises are normalized by steady-state
equilibrium values achieved after adiabatic equilibration

Teg = 7/(n + 1) )
Asky — o, Fo,’ - « and
T/Teq = (O — sin®)/ 2 9

This is the curve marked «, common to all three charts;
curves above this refer to the heated surface (X = 0), and
those below are for the interface (X = 1) or substructure.

Figure 4 shows the normalized peak surface temperature
T1,max With m as parameter. All curves have the same con-
stant slope up to about Fo,” = 0.1. For Fo,” < 0.1, Ty, max
behaves as if the outer layer were semi-infinite, and in this re-
gion

Timax/Tea = (3)(n + 1)/(2xFo,")!1 (10)

The exact behavior of #;,m.x is obscured because teq is in itself
a function of both the independent variable Fo;’ and param-
eter n. In fact, at a given Fo,’, {1, max decreases monotonically
with increasing n.

Figure 5 gives dimensionless time © when fim.x occurs at
X = 0. This time is independent of Fo,’ below about Fo,” =
0.1 (see Fig. 3). The limit for low Fo,’ is verified by referring
to the exact solution for surface temperature response of a
semi-infinite solid (z > 0) exposed to pulse heating®:

[(rpck/Dl/2)/q”max] (t —to) 2o = 1% <72;>1/2 52 I:l — %2 +

(20)*
7.9.11.13 ] (1)

This corresponds ton = 0 and Fo;’ = 0 (8, = «). Maximum
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Fig. 5 Time of maximum heated-surface temperature.
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Fig. 6 Interface temperature at end of heating.

surface temperature occurs at 6 = ($)r = 4.189 or § =
(#)D. The asymptote for high Fo,’ (6 — 0) is 2w or § = D.
Thus, for n = 0 (single layer) the heated-surface temperature
peaks § through the heating pulse if the layer is thick, and at
the end of the pulse if thin, the behavior being monotonic in
between. For finite n, changing Fo,’ in Fig. 5 is thought of as
varying k1. Increasing k, with large n has at first the effect of
pushing the occurrence of peak surface temperature back to-
ward the middle of the heating pulse D/2. This happens be-
cause with a massive substructure the interface temperature is
held near ¢, and the conductive flux from the heated surface
more nearly follows the heat input ¢”.  Ask, increases further,
the outer layer once again behaves as if it were thermally thin
with peak surface temperature being at § = D. A minimum
occurs at intermediate Fo,’ for n > 0.5, its value approaching
m for n = 100.

Figure 6 shows the important substructure response 7,
at the end of heating. The dashed curves for n = 0.1, 1, and
100 are from the approximate integral solution*

T (®m+1)
Tw 2

‘g (1 — X2)(0 — sin®) +

1 <§X2—X—|-i—) (1 — cosO) —
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Fig. 7 Elapsed time from start of heating to end of
adiabatic equilibration.
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plates.
where
To(2m) 1— 1 1/n — 3 x
Tea 12aF0/ \1/n — 1

{ 1 — ¢—6x(1/n 4+ 1)Fo’

’
1= B/ + 1)Fol’]2}’ For' 2 0.0777
This integral solution is evidently a poor approximation for
the rear-layer response, especially at low values of #.

The time required to reach thermal equilibrium 6.,, mea-
sured from the start of heating, is given in Fig. 7. Equilibra-
tion takes longer as the substructure becomes more massive
and/or as the outer layer becomes more insulative.

Figure 8 gives a correlation of the heat-sink capability of an
insulated substructure in terms of total heat absorbed Q” =
¢" mexD/2 for a maximum permissible exposed-surface tem-
perature rise fi,mex — f. For n = 0, increasing thickness in-
creases the total permissible heat load ©” that can be ab-
sorbed without exceeding #i,max. This trend continues until
the wall becomes thermally semi-infinite, at which point

Q" = &) (prekiDY V2 (b, max — o) (13)

To trace the analogous trend for increasing &; with finite n,
it is necessary to imagine §, increasing at the same rate as 6;
(constant n). At low n and low 8, the effect is to first increase
Q" over that where no substructure exists. This increase be-
comes dramatic for large n, a peak in each curve occurring
when 6, becomes large enough to overshadow the substrue-
ture, and the system becomes self-insulating. Thus, all
curves approach the same asymptote (2) for semi-infinite in-
sulation.

The over-all heat-sink performance of a two-layer plate can
exceed that of an equal-weight, single-layer plate of either
material. This is accomplished by using an outer layer with a
high allowable temperature limit over a second material of
lower allowable temperature but higher conductivity.
Examples of composites that exhibit this characteristic are
oxides over pure metals (e.g., beryllium oxide over beryllium)
and pure metal composites such as molybdenum over copper.!
Considering the latter example with i, = 70°F and D = 15
sec, a single copper plate gives ¢”max = 1250 Btu/sec-ft?,
and & single molybdenum plate 1630 Btu/sec-{t? if melting is
not allowed. The combination of molybdenum over 3” copper
gives ¢"max = 1760 Btu/sec-{t2, an improvement of 8%, at a
penalty of 25%, increase in section weight (Ib/ft?) over
molybdenum alone.
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Computer Solution to Generalized
One-Dimensional Flow

E. WiLLiam BEAns®
Ohio State University, Columbus, Ohio

Introduction

NY text on gas dynamics describes the simple flow pro-
cesses which involve only area change, total temperature
change, or friction, and a number of methods for solving prob-
lems involving all three effects have been presented in the lit-
erature; namely, 1) the use of Crocco functions,! 2) the use of
polytropic exponents,? and 3) the use of constant dependent
parameters.® However, both the Crocco function pA (= D/«
= constant and the polytropic exponent (p/p» = constant)
require that € or n be known from experimental data.
Here p, A, and p are the pressure, area, and density, re-
spectively. Also, the value of € or n is not singularly re-
lated to the independent parameters which control the flow,
such as total temperature T’y and arearatio. For example, by
varying the pressure ratio across the duct, the Mach number
M and pressure distributions will change, even though T, and
area ratio are unchanged. Hence, the value of e or n will
change independent of 7, and A. The third, use of constant
dependent functions, has limitations in that it can only solve
problems in which such parameters as temperature or pressure
are held constant. Many of these processes are of little prac-
tical interest. Also, the use of constant dependent functions
specifies the relationship between A, T, and friction; hence,
generality is lost.

It is possible using electronic computers to apply the method
of influence coefficients* to one-dimensional flow problems in-
volving simultaneous variations in A, T, and friction. The
method described here is for the case of fluids having eonstant
composition and a constant ratio of specific heats k. These
assumptions are made only for the sake of brevity. The
method of influence coefficients as used in fluid mechanies is a
set of differential equations obtained from combining the mo-
mentum, continuity and energy equations, and equations of
state. The only limitations to the method are the assumption
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